In spin-density-functional theory for noncollinear magnetic materials, the Kohn-Sham system features exchange-correlation (xc) scalar potentials and magnetic fields. The significance of the xc magnetic fields is not very well explored; in particular, they can give rise to local torques on the magnetization, which are absent in standard local and semilocal approximations. We obtain exact benchmark solutions for two electrons on four-site extended Hubbard lattices over a wide range of interaction strengths, and compare exact xc potentials and magnetic fields with approximations obtained from orbital-dependent xc functionals. The xc magnetic fields turn out to play an increasingly important role as systems becomes more and more correlated and the electrons begin to localize; the effects of the xc torques, however, remain relatively minor. The approximate xc functionals perform overall quite well, but tend to favor symmetry-broken solutions for strong interactions.
I. INTRODUCTION

Spin-density-functional theory (SDFT)
1-3 is an in principle exact framework for systems of N interacting electrons subject to the many-body Hamiltonian (1) Here, σ j is the vector of Pauli matrices acting on the spin of the jth electron, V (r) is an external scalar potential, and B(r) is an external magnetic field which can be noncollinear, i.e., whose magnitude and direction can vary in space. The Bohr magneton, µ B = eh/2m, has been absorbed in the definition of the magnetic field, and we use atomic units (e = m =h = 4π 0 = 1) throughout.
The corresponding noninteracting system in SDFT obeys the Kohn-Sham equation
where I is the 2 × 2 unit matrix and the Kohn-Sham orbitals Ψ i (r) are two-component spinors. The scalar Kohn-Sham potential is the sum of external, Hartree, and exchange-correlation (xc) potentials, V KS = V +V H +V xc , and the Kohn-Sham magnetic field contains external and xc contributions, B KS = B + B xc . In general, B xc can be nonvanishing even if B = 0, i.e., for open-shell or spontaneously magnetized systems.
The effects of B xc are present in a wide variety of systems, including materials with noncollinear magnetism, canted or spiral magnetization, or frustrated spins. [4] [5] [6] In these examples, spin-orbit coupling often plays an important role. The SDFT formalism can be generalized to include spin-orbit coupling; 6, 7 in this paper we ignore spin-orbit coupling to keep the discussion simple.
Formally, V xc and B xc are defined as functionals of the density n(r) = ; in practice, V xc and B xc need to be approximated. Almost all approximations used in SDFT for noncollinear magnetism are based on common local and semilocal xc functionals such as the local spin-density approximation, LSDA, or the generalized gradient approximations, GGAs. The standard implementation of LSDA or GGAs assumes a local spin quantization axis which is aligned with the local m(r); 9,10 this produces a B xc (r) that is parallel to m(r) everywhere.
In general, B xc (r) can have components perpendicular to m(r), which give rise to local xc torques, τ xc (r) = m(r) × B xc (r) .
The zero-torque theorem 11 mandates that dr τ xc (r) = 0 ,
since a system cannot exert a net torque on itself. For the LSDA and GGAs, the local xc torque is zero everywhere, so the zero-torque theorem is trivially satisfied. As we will see, other approximations may not satisfy the zerotorque theorem a priori, but there are ways in which it can be enforced. Several approximations for B xc that include xc torque effects have been proposed in the literature, based on the spin-spiral state of the electron gas, 12-15 modified GGAs, [16] [17] [18] [19] the exchange-only optimized effective potential (OEP), 20 or a source-free construction. 21 These methods were applied to a variety of noncollinear spin systems; however, a rigorous assessment has been hampered by the absence of exact or at least highly accurate reference calculations.
In this paper, we perform benchmark studies for a simple model system, namely, two electrons on a linear 4-point extended Hubbard lattice (1/4 filled Hubbard tetramer) with noncollinear magnetic fields. In Section II we will give the details of the model, and explain why it is an appropriate choice for studying xc torques.
Results will be presented for two scenarios: a lattice Hamiltonian without any symmetries (Sec. III), and a Hamiltonian with C 2 symmetry (Sec. IV). In both cases, we obtain the exact ground-state energy, densities, and magnetizations from the exact solutions, and compare with approximate Kohn-Sham results. 22, 23 We reverseengineer the exact xc potentials and magnetic fields for interaction strengths from the weakly to the strongly correlated regime, and discuss how the Kohn-Sham system mimics the behavior of the many-body system as the electrons begin to localize. We summarize our results in Section V and conclude with a general outlook.
II. SDFT FOR THE EXTENDED HUBBARD MODEL WITH NONCOLLINEAR MAGNETIC FIELDS
We consider P -point Hubbard chains with on-site (o.s.) and nearest-neighbor (n.n.) interactions and with external scalar potentials and magnetic fields, V k and B k , where k denotes the lattice sites. The continuum Hamiltonian (1) is thus replaced by the extended Hubbard model Hamiltonian
24-27
Here,ĉ † kσ andĉ kσ are creation and annihilation operators for electrons with spin σ =↑, ↓ on site k, andĉ † k andĉ k are these operators arranged as two-component row and column vectors. k, l denotes nearest-neighbor lattice sites. We fix the hopping parameter as t = 0.5. The o.s. interaction strength U 0 will be varied, and the n.n. interaction strength will be taken as U 1 = U 0 /2.
We obtain the two-electron ground state ofĤ lat , using nonperiodic boundary conditions, by diagonalization within a complete basis of P (P + 1)/2 singlet states and 3P (P −1)/2 triplet states, which yields the exact groundstate energy E gs and the exact ground-state density and magnetization, n k and m k , on each lattice site. The extended Hubbard model described above can be treated using SDFT;
28 the corresponding Kohn-Sham lattice Hamiltonian follows fromĤ lat by setting U 0 = U 1 = 0 and replacing V k and B k by the Kohn-Sham scalar potential and magnetic field V KS,k and B KS,k , respectively. We invert the lattice analog of the KohnSham equation, Eq. (2), to obtain those V KS,k and B KS,k which reproduce the exact n k and m k on the P -point lattice. Since the external potential and magnetic field are given, and the Hartree potential is easily obtained as
(defining n 0 = n P +1 = 0 to account for the nonperiodic boundary conditions), this immediately yields the exact V xc,k and B xc,k . There exist a variety of algorithms to invert Kohn-Sham equations; 29 here, we use a conjugategradient minimization (see Supplemental Material 30 ). Our choice to include n.n. interactions inĤ lat is motivated by the fact that for the usual o.s. Hubbard model (where U 1 = 0) the exact exchange potential and exchange magnetic field are given by 22, 23, 31 
Evidently, B o.s.
x,l is parallel to the magnetization; hence, for the o.s. Hubbard model, the xc torques are a pure correlation effect which, one can expect, makes them more difficult to approximate. For exchange effects to produce torques, more general interactions than o.s. are required.
Let us first consider the half-filled Hubbard dimer (P = 2):
22 including n.n. interactions, one finds
which, again, does not produce any torques. We therefore need more lattice points.
For the 1/3-filled Hubbard trimer 23 (P = 3) with periodic boundary conditions and n.n. interactions, i.e., an equilateral triangle, Eq. (8) holds on all three lattice points. If one instead considers a Hubbard trimer with fixed boundaries (i.e., a short chain), one finds that the solution (8) holds on the midpoint, but there is no simple explicit solution on the first and the third point. Thus, exchange torques can arise on points 1 and 3, but not on point 2.
The simplest case where exchange torques can occur on all lattice sites is the 1/4-filled Hubbard tetramer (P = 4) with o.s. and n.n. interactions. In the following, we will consider tetramers in linear configuration, see Fig. 1 . Of course, correlation effects can produce torques in all the above systems, even without n.n. interactions.
A two-electron system without external magnetic field is always in a singlet ground state and hence nonmagnetic. To obtain a ground state with noncollinear magnetization, external magnetic fields are required (in the absence of spin-orbit coupling.
32,33 ) In the following Sections, two cases with different symmetries will be considered. In both of them, the 4-point lattice is assumed to have equidistant sites, aligned along the y-direction (notice that the Hubbard lattice Hamiltonian is not necessarily tied to a specific real-space representation; however, assuming an explicit spatial geometry is conceptually helpful). The scalar potential will be taken to be nonuniform but symmetric with respect to the lattice center; we choose V 1 = V 4 = 1 and V 2 = V 3 = −1 in both cases.
We restrict the magnetic fields and the resulting magnetization to be coplanar, confined to the x − z plane on each lattice point, but overall noncollinear (see Fig. 1 ). The resulting xc torques will lie along the ±y-direction.
We obtain the ground-state energy, density, and magnetization on the lattice by exact diagonalization and via self-consistent Kohn-Sham. For the latter, we use three approximations:
22 exact exchange using the optimized effective potential approach (XX), exact exchange within the Slater approximation (XXS), and xc using the Singwi-Tosi-Land-Sjölander (STLS) scheme. 34, 35 The latter is implemented within the scalar approximation, as detailed in Ref. 22 .
XX is fully variational and hence satisfies the zerotorque theorem; XXS and STLS, on the other hand, are not variational and can violate the zero-torque theorem. As shown in the Supplemental Material, 30 the zero-torque theorem can be enforced by constrained optimization. The torque-corrected approximations defined in this way will be denoted as XXSc and STLSc, respectively.
III. NONSYMMETRIC LATTICE
We begin our discussion by considering a Hubbard tetramer where no distinct spatial or spin symmetries are present. In this nonsymmetric case (see Fig. 1a ), we set B x,1 = 0.2, B x,2 = 0.1, B z,3 = 0.3, and B z,4 = −0.2, with all other components zero. The external magnetic field defined in this way is coplanar in the x − z plane, and hence all torques (external as well as xc) are along the (positive or negative) y-direction.
A. Ground state energy
In Fig. 2 we compare the exact ground-state energy of the nonsymmetric lattice with Kohn-Sham results using XX, XXS, STLS, XXSc and STLSc. The exact energy starts out at E gs = −3.242 for the noninteracting case (U 0 = 0), reaches the value E gs = −0.754 for U 0 = 10, and approaches a limiting value of E gs = −0.6107 for U 0 → ∞. The crossover between the weakly and strongly correlated regimes occurs around U 0 ∼ 4. The agreement between the exact energy and the Kohn-Sham energies is very good for all values of U 0 . The inset shows that the largest errors of E gs occur around U 0 = 5, reaching around 5% for XX and XXS and slightly less for STLS.
The xc torque correction of XXS and STLS has a negligible impact on the total energy; in Fig. 2 , the lines for XXS and XXSc are essentially on top of each other, as are the lines for STLS and STLSc. The reason for this is easy to see: to lowest order perturbation theory, the energy shift caused by a magnetic field B (r) is
where m(r) is the magnetization of the unperturbed ground state. Thus, a transverse magnetic field [which is perpendicular to m(r) for all r] only contributes to the total energy to second and higher order. The xc torque correction, see Eq. (30) of the Supplemental Material, 30 has the form of a transverse magnetic field added to the xc magnetic field to be corrected.
B. Density and magnetization Figure 3 shows the density n k (top panel) and the xand z-components of the magnetization, m x,k and m z,k (middle and bottom panels). At U 0 = 0, the density is almost entirely concentrated on points 2 and 3 (where the scalar potential is lower). As U 0 increases, the electronic repulsion leads to a redistribution of the site occupation, so the electrons can better avoid each other (keep in mind that our model includes the n.n. interaction U 1 ); the crossover clearly occurs around U 0 ∼ 4. At U 0 = 10, lattice sites 1 and 3 are almost fully occupied, whereas sites 2 and 4 are almost empty, see Table I for details. This behavior is somewhat exaggerated, but overall well reproduced, by the approximate Kohn-Sham calculations. Again, XXSc and STLSc give results very similar to XXS and STLS, and are not shown here.
The magnetization reveals further details which illustrate the behavior of the system as the interaction strength increases. At U 0 = 0, the exact two-electron wave function has 95% singlet character, 36 and the system is only weakly magnetized (see Table I ). On the other hand, at U 0 = 10, the exact wave function has 74% triplet character, and the magnitude of the magnetization vec-TABLE I. Exact density and magnetization data for the nonsymmetric and C2-symmetric lattices, in the noninteracting (U0 = 0) and strongly correlated (U0 = 10) limit. tor on each lattice site is practically identical with the density, which indicates a fully magnetized state. In the limit U 0 → ∞, the total magnetization adds up to 2, and the singlet-triplet ratio is 1:3.
Furthermore, Table I tells us that at U 0 = 10 the magnetization vector is (anti)aligned with the applied magnetic field on each lattice site: on sites 1 and 2, the magnetization points almost completely in the negative xdirection, and on sites 3 and 4 it points in the negative z-direction. Referring back to Fig. 1a , we see that the magnetization vector is opposite to the applied magnetic field on sites 1, 2, and 3, and parallel to it on site 4. The physical meaning of this is that in the strongly correlated limit, the electrons not only localize spatially, they also align their spin quantization axis with the local magnetic field.
C. Hartree and xc potentials and xc magnetic fields Figure 4 compares the exact Hartree potential, Eq. (6), and the exact xc potential, respectively, with the corresponding XX, XXS(c) and STLS(c) approximations. The x-and z-components of the xc magnetic fields are shown in Fig. 5 .
V H,k , V xc,k , and B xc,k are responsible for reproducing the exact density and magnetization in the noninteracting Kohn-Sham system. As the system passes from the weakly to the strongly interacting regime with increasing U 0 , density gets shifted from site 2 to site 1, and sites 1 and 3 become almost fully magnetized. The Kohn-Sham system accomplishes this through an intricate interplay between Hartree and xc effects. For instance, comparing V H,k and V xc,k , we see that the xc potential partially counteracts the Hartree potential, especially on sites 1 The xc magnetic field displays a striking enhancement over the external magnetic field, by about an order of magnitude. These large field strengths are necessary so that the Kohn-Sham system can create the alignment of the local magnetic moments with the external field in the strongly correlated limit. Looking again at Table I , we see that the magnetic moments are almost completely aligned along the x-direction on sites 1 and 2, and along the z-directions on sites 3 and 4. Correspondingly, the x-and z-components of B xc,k are very strongly enhanced on these sites.
The approximate xc potentials and magnetic fields agree well with the exact results until about U 0 = 3. For larger interaction strengths, considerable differences appear. For example, the xc potentials on sites 1, 2, and 3 change sign, which is not reproduced by any of the approximations, and the xc potential on site 4 has the wrong limiting behavior for large U 0 . Similar discrepancies are observed for the xc magnetic fields. This helps explain the differences between exact and approximate densities and magnetizations in Fig. 3 .
D. Exact and approximate xc torques
Let us now examine the xc torques of the nonsymmetric tetramer. Figure 6 shows a comparison of the exact τ xc,k (full lines) with the torque caused by the externally applied magnetic field, τ ext,k (dashed lines). The latter is defined in analogy with Eq. (3), with B xc,k replaced by B k . Both torques are along the y-direction on all lattice sites. It can be seen that the xc torques on each lattice site add up to zero, as do the external torques (as they must, since the system is in equilibrium).
For weak to moderate interaction strengths, the external torque dominates over the xc torque, with maxima around U 0 = 2 to 4, depending on the lattice site. As the system localizes for U 0 > ∼ 4, the magnetization on each lattice site aligns with the external magnetic field, as discussed in the previous subsection, so that τ ext,k goes to zero.
The xc torques, on the other hand, are small for weak interactions, but becomes larger than the external torque on sites 2 and 3 after the crossover into the strongly correlated regime. This means that, on these sites, the xc magnetic field does not quite align with the local magnetization. Looking at Table I , we see that at U 0 = 10 sites 2 and 3 are almost, but not fully magnetized and aligned with the local external fields; furthermore, as Fig.  5 shows, the xc magnetic fields are very large on sites 2 and 3. Together, this results in a finite τ xc,k , which is necessary for the Kohn-Sham system to reproduce all subtle details of the magnetization of the interacting system.
The xc torques obtained with XX, XXS, STLS, XXSc and STLSc are presented in Fig. 7 for each lattice point. The xc torques are much smaller on sites 1 and 4 than on sites 2 and 3, which means that the performance of the approximations is more crucial on the latter sites. Compared to the exact xc torques, the approximate xc torques generally have the right order of magnitude, which is reassuring; however, there are some important details, depending on the lattice site and the level of approximation.
On site 1, all approximations perform well for small to moderate interactions, but fail to reproduce the finite xc torque for large interaction strengths; XXSc and STLSc overshoot around U 0 = 5. On site 4, the quantitative agreement is quite good throughout, for all approximations.
On sites 2 and 3, the exact xc torque changes sign between U 0 = 3 and 4. This trend is not reproduced by XX, XXS and XXSc. STLS performs much better for small to moderate interaction strengths, including the sign change, with STLSc leading to slight improvements over STLS. However, all approximations produce a vanishing xc torque in the strongly correlated regime, instead of approaching a finite limit.
How important are the xc torques? We have already seen that they give only a very small contribution to the total energy. We have carried out self-consistent calculations with XX, XXS and STLS where we only include the longitudinal components of B xc,k (see the Supplemental Material 30 for details). We find that the magnetization on the individual sites does not change much for the nonsymmetric case. 
IV. LATTICE WITH C2 SYMMETRY
We now consider a magnetic field distribution which has C 2 symmetry, as illustrated in Fig. 1b . The symmetry is with respect to rotation about an axis which lies at an angle of 45 o between the x and z axes. Specifically, we choose B x,1 = B x,2 = B z,3 = B z,4 = 0.1. In the Supplemental Material 30 we show that the resulting magnetization also has C 2 symmetry. Specifically, one finds m x,k = m z,P −k+1 , and a similar relation for the xc magnetic field. Hence, the zero-torque theorem will automatically be satisfied for all approximations (as long as the Kohn-Sham solution maintains the symmetry).
A. Ground-state energy, density and magnetization: breaking and enforcing symmetry Figure 8 shows the ground-state energy E gs for the C 2 -symmetric Hubbard tetramer for interaction strengths U 0 between 0 and 10. The behavior is similar to the nonsymmetric case discussed earlier. The exact energy starts out at E gs = −3.203 for the noninteracting case, reaches the value E gs = −0.603 for U 0 = 10, and approaches a limiting value of E gs = −0.4247 for U 0 → ∞. As before, the crossover between the weakly and strongly correlated regimes occurs around U 0 ∼ 4.
The agreement between the exact energy and the (unrestricted) SDFT results is generally good for weak and moderate interactions strengths, but a significant (∼25%) deviation appears for large U 0 . The inset to Fig.  8 shows the difference between approximate and exact ground-state energies. Overall, STLS performs the best; in the limit of large U 0 , XX merges with STLS.
Each approximation reaches a critical U 0 where it is advantageous for the system to break C 2 symmetry to reduce the total energy of the system. This does not come as a surprise: 22,31,37 unrestricted Kohn-Sham calculations with approximate xc functionals have the general tendency to break symmetries (spatial and/or spin) to lower the energy. This is known as the symmetry dilemma of DFT. The dashed lines in Fig. 8 are the restricted SDFT ground-state energies, obtained by enforcing the C 2 symmetry. The restricted energies keep increasing with U 0 , in contrast with the exact E gs and with the unrestricted (symmetry-broken) Kohn-Sham E gs . Figure 9 shows the density n k (top panel) and the x- and z-components of the magnetization, m x,k and m z,k (middle and bottom panels). At U 0 = 0, the density is almost entirely concentrated at points 2 and 3, like in the nonsymmetric case (see the top panel of Fig. 3) . However, as U 0 increases, differences between the symmetric and nonsymmetric tetramers start to appear: for strong correlations, the exact density becomes almost evenly distributed over the four lattice points, rather than accumulating on two points. After breaking the symmetry, the unrestricted approximate SDFT calculations dramatically over-localize the density in the strongly correlated limit: the density is almost completely concentrated on points 2 and 4. The symmetry breaking occurs at U 0 = 4.72 and U 0 = 4.78 for XXS and XX, respectively, and at U 0 = 5.24 for STLS. For the exact magnetization (middle and bottom panels of Fig. 9 , and right half of Table I), the trends are very similar to the nonsymmetric case. At U 0 = 0, the system is only very weakly magnetized, with an exact wave function that has 99% singlet character. At U 0 = 10, the system is fully magnetized, and the exact wave function has 74% triplet character. As before, the exact magnetization vector is (anti)aligned with the applied magnetic field on each lattice site, which indicates a local spin quantization axis.
Unrestricted SDFT, on the other hand, produces a very different magnetization after the C 2 symmetry is broken. As we discussed above, the unrestricted density localizes on points 2 and 4, and we see that m x,2 and m z,4 approach −1. As for the exact case, the total magnetization adds up to 2 in the U 0 → ∞ limit, in spite of the wrong overall distribution.
The dashed lines in Fig. 9 show the density and magnetization resulting from symmetry-restricted SDFT. Not surprisingly, the agreement with the exact results is much better, although there are still some deviations. However, the price to pay is a wrong behavior of the total energy, as we saw above in Fig. 8 .
B. xc potentials, magnetic fields, and torques Figure 10 shows the exact Hartree potential and the exact xc potential on each lattice site, as a function of U 0 . The x-and z-components of the xc magnetic fields are shown in Fig. 11 . The interpretation of these results is a bit more straightforward than for the nonsymmetric case discussed earlier (see Figs. 4 and 5) . The Hartree potential approaches values close to 1 on sites 2 and 3 and close to −1 on sites 1 and 4, which compensates the external potential. The xc potential is small compared to the Hartree potential (the fact that it approaches zero for U 0 = 10 seems accidental). Together, the Kohn-Sham potential is close to uniform, which explains the almost uniform density distribution in the strongly interacting limit, see Table I . The strong xc magnetic fields, on the other hand, are responsible for almost fully magnetizing the system, similar to what we discussed earlier for the nonsymmetric case.
As before for the nonsymmetric case, the XX, XXS and STLS approximations for V xc,k and B xc,k deviate significantly from the exact results, especially after the symmetry breaking. The agreement within the restrictedsymmetry formalism is somewhat better. Figure 12 shows a comparison of the exact τ xc,k (full lines) for the C 2 -symmetric tetramer with the torques caused by the externally applied magnetic field, τ ext,k (dashed lines). As in the nonsymmetric case (Fig. 6) , the external torque dominates over the xc torque for weak interactions. However, in the strongly correlated regime, the xc torques are now considerably larger (in magnitude as well as relative to the external torques) than in the nonsymmetric case.
The xc torques obtained with XX(r), XXS(r) and STLS(r) are presented in Fig. 13 . For small to moderate U 0 the agreement with the exact xc torques is decent, especially on sites 1 and 4. The deviations on site 2 and 3 are more significant, however. As expected, the approximate xc torques fail completely for the unrestricted calculations after symmetry breaking. The restricted calculations (dashed lines) perform somewhat better in general. The excellent agreement between XXSr and the exact results on sites 1 and 4 seems, however, fortuitous. STLS is most successful at capturing the general trends in both the weakly and strongly correlated regimes.
In the Supplemental Material 30 we show the xc torques for the C 2 -symmetric lattice calculated using XXS and STLS with the torque correction. Some minor differences can be observed, but the torque correction has no impact on the symmetry breaking.
Furthermore, in the Supplemental Material 30 we show results for the C 2 -symmetric lattice calculated using only the longitudinal components of B xc,k . As for the nonsymmetric lattice, the differences are only relatively minor, except for XX: the XX functional seems to be more sensitive to the presence of the transverse xc magnetic field, which affects the way in which the symmetry is broken. Overall, the longitudinal-only XX is closer to its XXS and STLS counterparts (and to the exact solution) than when the full B xc,k is used, which would suggest that XX does not describe transverse xc effects very well. This is consistent with the behavior of the xc torques shown in Fig. 13 (and, to some extent, also in Fig. 7) , which shows that the XX torques tend to be somewhat exaggerated. The behavior of XXS and STLS comes across as more robust.
V. CONCLUSIONS
In this paper we have carried out a detailed computational study of a simple model system: two interacting electrons on a four-site extended Hubbard lattice, in the presence of noncollinear magnetic fields. Our goal was to find out how a Kohn-Sham system, through its xc scalar potentials and magnetic fields, manages to reproduce the exact ground-state density and magnetization of the interacting system, particularly for situations where the interaction is strong. We discovered that the xc magnetic field plays a key role in ensuring that the magnetic behavior of strongly correlated, localized electrons is determined by local spin quantization axes on each lattice site.
We compared the exact xc potentials and magnetic fields with several orbital-dependent approximations, and found that their performance is overall quite good, but depends on whether the system has any symmetries. In the case where the Hubbard lattice has C 2 -symmetry, we found that the approximate Kohn-Sham calculations tend to break this symmetry once the interaction strength becomes sufficiently large, thus lowering the energy. This, of course, is no surprise: the so-called symmetry dilemma is a well-known side effect of using approximate xc functionals in SDFT.
A main outcome of this study is that the xc torques seem to have a relatively minor importance for the ground-state energy, density and magnetization, compared to the xc potentials and longitudinal xc magnetic fields -at least for the simple model systems considered here. This suggests that the widely used standard approximations of noncollinear magnetism (which have no transverse magnetic xc contributions) should be adequate in most situations, as long as they reproduce the longitudinal xc magnetic fields sufficiently accurately.
However, our study did not include spin-orbit coupling, which is an important aspect of noncollinear magnetism in many materials. In particular, we needed to enforce the noncollinear magnetic state via applied magnetic fields, whereas effects such as canted or frustrated spins arise naturally without any applied fields. It is an open question whether xc torque effects play a more important role in such situations, but it seems not unlikely. To address this issue, Hubbard models that include spinorbit coupling are a promising approach.
A perhaps even more important question concerns the role of xc magnetic fields for spin dynamics. While the xc torques appear less crucial in the ground state, they may become more important as the magnetic system evolves in time, following a sudden switching or a pulsed excitation. Such studies, again based on simple Hubbard-type systems, are currently in progress.
Lastly, while simple lattice models serve as important benchmarks for SDFT and can produce a wealth of new physical insight, it will be important to investigate the performance of orbital-dependent xc functionals for noncollinear magnetic systems in real space. The XXS approximation will be very well suited for this purpose due to its simplicity and reasonable accuracy. The STLS approach was found to perform well for the model systems considered here (as long as correlations are not too strong), but would be numerically much more expensive for real-space systems. Finding orbital-dependent correlation functionals for noncollinear magnetic materials, at a reasonable computational cost, remains an ongoing challenge.
